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1 Algebra

The purpose of this section is to explain the basic definitions and results of field theory and Galois
theory that are important for algebraic number theory. The algebraic structures we will mainly
encounter are groups and rings usually in the form of fields. We won’t require much theory about
groups and so we will concentrate on fields. Our rings will always have a multiplicative identity
and almost always be commutative.

1.1 Field Extensions

Definition 1.1 (Field) A field is acommutative ring whose nonzero elements form a group under
multiplication. In other words, we can divide by nonzero elements of the ring.

Recall that in Z we have a Fundamental Theorem of Arithmetic (FTA) that gurantees a unique
factorization of any integer into primes. In algebraic number theory, we want to recover this
theorem in more general rings. These rings will occur naturally as subrings of certain fields that
contain the field of rationals Q.

Definition 1.2 (Field extension) A field L is a field extension of a field K if K C L. More
generally, L is a field extension of K if there is a ring homomorphism K — L, called an
embedding of K in L. This relationship is denoted L/ K.

Notice that for a field extension L /K, we can view L as a vector space over K — the axioms for
a vector space are directly implied by the field axioms. So we then have a notion of a basis for L
when viewed as a K-vector space and can therefore talk about a dimension of L.

Definition 1.3 (Degree) The degree of a field extension L /K is the dimension dimg L of L as
a K -vector space and is denoted [ : K].



We will care only about finite field extensions L/K here, i.e., [L : K] < co. We now prove a
basic fact worth remembering about degrees of field extensions, to illustrate the ideas introduced
so far.

Lemma 1.4 Let L, K, F' be fields. If L is a finite extension of K and K is a finite extension of
F, then L is a finite extension of F. Further, [K : F| = [K : L|[L : F).

Proof. Letn = [L : K| and m = [K : F]. Then there exists bases ay, as, ..., a, for L/K and
b1, B2, - - ., By for K/ F. The simplest idea works: we show the elements «;3; for 1 < ¢ < n and
1 < j < m, form a basis for L/F'. Fix an element k& € K. Then we can write

(1.1) k= ajaq 4+ asag + - -+ + apay,,
with a; € K. Now, each a; € K can be written as
(1.2) a; = by 81 + biofa + - - - + bi; 55,

with b;; € F'. Putting (1.2) into (I.I)) we see k is a linear combination of the elements «; 3;. Next,
suppose
Cllalﬁl +-+ Clmalﬁm + Cnlanﬁl + Cnmanﬁm = 07

for some c¢;; € K. This can be read as

(c11fr+ -+ cmbm)ar + -+ (cu1fr + - + ComfBm)on =0,

and since the ;s are linearly independent, we must have
caPr+ -+ CimbBm =0,

for each i = 1,...,n. But since the ;s are linearly independent too, we must have ¢; ; = 0 for
7=1,...,mandeach:=1,... n. O

Given a field extension L/K, we want an intermediate field extension of K that is contained
in L. One such way is to consider a suitable polynomial f(x) € F[x] which cannot be factored
within K but can be in L; suppose o € L\ K is aroot of f(x). Then we can enlarge K to create
a field K [a] which is the minimal field that contains K and «. More precisely, if we let .# be
the collection of all subfields that contain both K and «, then

Klo]= () F.

Fen

It’s easy to check that K[« is indeed a subfield of L. A more constructive description of K[q]
is obtained by considering the ring homomorphism ¢ : K[z] — KJ[a] determined by sending
x — a. We let K’ be the isomorphic image of K[z|/ Ker(y) in K |[a]. It’s clear that K’ a subfield
of Ka] and since it contains both K and «, must be equal to K[a/], i.e., K[z]|/ Ker(y) = K|a/.



Now since K [z]/ Ker(yp) is a field, Ker(¢) must be a maximal ideal of K[z]. Recall that since
K|[x] is a PID, it must be the case that Ker(p) is generated by an irreducible polynomial, i.e.,
Ker(¢) = (f(z)) with f(x) irreducible. By the definition of kernel, we then have f(a) = 0,
and the same is true for any g(x) € Ker(yp) = (f(z)). Since K is a field, we can choose f(z)
to be monic (i.e., its leading term has coefficient 1). We now have an explicit description of
Kla] = Klz]/(f(x)) as being the set of remainder classes of K [x] under division by f(z). Thus
if f(x) = 2%+ ag_127 1 + -+ + ap, then

K[O&] = {kd,ladfl + kd,QOéCkQ +---+ ]fo ‘ kl € K}
This description immediately shows that the d elements a?~!, a¢=2 ... 1 form a basis for K[a]
over K and so [K[a] : K] = d. The monic irreducible polynomial f(z) with f(a) = 0 is called
the minimal polynomial of o and plays an important role in field theory.

Definition 1.5 (Integrality) Let A be a subring of a commutative ring B. Then an element
b € B is integral over A if there exist n € Z>; and a; € A such that

" + a0+ 4 ay = 0.

In other words there exists a monic p(z) € A[z] such that p(b) = 0. The integral closure of A
in B is the set of elements in B that are integral over A. Further, A is integrally closed if the
integral closure of A in its field of fractions is again A.

We have this useful fact:

Proposition 1.6 Every Unique Factorization Domain (UFD) is integrally closed.

Proof. The proof is an emulation of the proof of the Rational Roots theorem. Let A be
a UFD with field of fractions K. Suppose o € K is integral over A, so that there exists
flx) = 2™ + ap_12™ ' + -+ +ag € Alx] such that f(a) = 0. Leta = r/s withr,s € A
and, using unique factorization, cancel any common irreducibles in their factorizations. So, we
have

" 8 " 4 s"ag = 0.

Since s | s"a,_17" ! + - - - + s"ay, we must have s | r™. But since s and r share no irreducibles,
n 0
it must be the case that s is a unit in A4, i.e., o € A. O

A very close concept, essentially interchangeable with integrality in the case of fields, is the
following.

Definition 1.7 (Algebraic) Let A be a subring of a commutative ring B. Then an element o € B
is called alegbraic over A if there exists (not necessarily monic) p(x) € R[z] such that p(a) = 0.
If all elements of a field extension L/ K are algebraic over K, then L is an algebraic extension
of K.



We have a very useful connection between finite and algebraic extensions.

Proposition 1.8 If L/ K is a finite field extension, then L/ K is also algebraic.

Proof. Fix an element o € L and letn = [L : K|. Then the n + 1 elements o”, a1, ... 1 are
linearly dependent and so there must exist k; € K, not all zero, such that

kna™ + kp1a™ P+ 4 kg = 0.
Let m be the maximum ¢ with nonzero k;. Then the monic polynomial
2™+ ko k™ 4 K g

has « as a root. O

Recall that a finite integral domain is a field. The next result gives another instance of when
even an infinite integral domain can be shown to be a field. Indeed, its proof is in the same spirit
as the former result.

Lemma 1.9 Let A is an integral domain containing a field K. If A is algebraic over K, then A
is a field.

Proof. Suppose 3 € A is nonzero. Since [ is algebraic over K, the field K[f] is finite-
dimensional over K. Since K[f] is an integral domain, the mapping k — kf : K[5] — K|f]
is injective and by finite-dimensionality, is surjective too. Thus, there exists «« € K[f3] such that
af = 1, implying £ has a mutliplicative inverse. Hence A is a field. O

We can also think about doing linear algebra with a finite field extension L /K. Two maps that
arise from this viewpoint will be important in our study of algebraic number theory. Notice that
for each element [ € L, the map ¢, : L — L given by ¢;(a) = la is a K-linear mapping:

d1(kron + kaa) = l(kiron + kaar) = ki(lon) + ko(law) = kigi(ar) + kagu(aw),

for all ky, ke € K and oy, a5 € L. So, we can talk about the trace and determinant of ¢;, given
by the trace and determinant of the matrix representation of ¢; with respect to any basis of L over
K. The trace Tr(l) and norm Nm(/) of an element | € L/K is the trace and determinant of
¢, respectively. Fear not, we won’t have to explicitly compute the norm by doing a determinant
because we have a simple but beautiful relationship with the minimal polynomial.

Proposition 1.10 Ler L /K be a finite (separable) field extension of degree n. Suppose a € L
has a minimal polynomial over K with roots oy, v, . . .,y (S0 that [K[a] : K| = m), then

Tr(a) = riai and Nm(a) = <ﬁ%‘>r,

where r = n/m is the degree [L : K|a]].



Proof. First suppose L = K [a] and let the minimal polynomial of e be ™ +a,, ;2™ ' +- - - +aq.

We showed above that 1, «v, ..., ™! form a basis for L over K and with respect to this basis,
0 ... 0 —Qo
1 ... 0 —a
ba=1: 1 |,
0 ... 0 —Qyp—2
0 ... 1 —Qyp—1

and so by Vieta’s formula Tr(a) = —a,,—1 = > @y and Nm(a) = (=1)"" ! (—ao) = [[12, a.
For the general case, suppose 31, 32, . . ., 3, is a basis for L/ K[a]. Then the elements {a’(;} for
0<i<mandl < j<rareabasis for L/ K (cf. proof of Lemma and so ¢, will just be
composed of r copies along the diagonal of our previous ¢,,. U

The trace pairing
(a,3) =» Tr(af) : L x L = K,

gives us a K-bilinear map (linear in each of its slots, when the other is fixed) to K. It can be
shown that for this mapping the discriminant defined as det(Tr(e;e;)), for some basis ey, . . . , e,
of L/K,is nonzero[] This leads to a very nice consequence: suppose we have a general K -linear
mapping ¢ : L — K such that ¢(e;) = k;, so that for any « = >  a;e; € L, we have
() = Y"1 a;k;. We can then find an element 5 = > | be; € L such that ¢(a) = Tr(af)
for all o« € L, by solving the linear system

TI'(6161) TI'(€1€2) N Tr(€1€n) bl kl
Tr(eger) Tr(eges) ... Tr(ezey) by ko
Tr(ener) Tr(epes) ... Tr(een) by, k,

because det(Tr(e;e;)) # 0. In other words, we have a surjective map from L to the dual space]
L* given by 5 +— (z — Tr(zf)). In fact, this is an isomorphism because the kernel of this
mapping is just zero: for any 3 # 0, Tr(8715) = Tr(1) = >, e; # 0. Now, L* has a very nice
basis: the functions f; : L — K such that f;(e;) = 5UE| By our isomorphism, we can therefore
find elements ¢; € L such that Tr(e;e’;) = 6;;; because of this the elements €] have to be linearly
independent and therefore form a basis too. Some refer to the ¢, as a kind of “dual basis”.

1.2 Modules

Throughout this section we assume R is a commutative ring.

"Here we are still assuming L/K is a separable extension. Since all our work is eventaully over Q, we don’t have
to worry about this. You may consult ?? to see what this condition means and why we need this in general. Also,
we will not be proving that the discriminant is zero but encourage the interested reader to refer to 2?.

%i.e., the vector space of all K-linear mappings L — K.

351‘]‘ is the Kronecker delta, defined as 1 if ¢ = j and O otherwise.



Definition 1.11 (Module) An R-module is an additive abelian group M along with a mapping
(r,m)— rm: R x M — M, so that the following hold for all 7,75 € R, my, ms € M:

r1(my + me) = rimy + rimo,

(r1 + m2)my = rym + rom,

(7”17”2)7”1 = 7’1(7’27711),

o 1my = my.

We can also talk about Z-submodules N of an R-module ), which implies N is an R-module
contained in M. Since modules have a group structure, a submodule /N of a module M can
be viewed as an abelian subgroup of M, so that we can form the group quotient M /N. M /N
naturally inherits an R-module structure: r(m + N) = rm + N, forr € R,m € M, and is thus
called a quotient module.

The generalization of linear mappings between vector spaces is the following.

Definition 1.12 (Module homomorphism) Let M and N be R-modules. A map ¢ : M — N
is a module homomorphism if

o )(z+vy)=0o¢(x)+ ¢(y) forall z,y € M,
o ¢(rz) =r¢(z)forallr € R,x € X.

It shouldn’t be too surprising that we can carry through all the isomorphism theorems from
ring theory because, after all, rings can be viewed as special cases of modules. In particular, for
a module homomorphism between R-modules ¢ : M — N, we have

M/ Ker(¢) = Im(¢),
where the kernel Ker(¢) = {m € M : ¢(m) = 0} and the image Im(¢) = {p(m) : m € M}.
Definition 1.13 (Finitely generated module) Let M be an R-module. M is finitely generated

if there exist elements z1, z3, ..., 2, € M,n € Z>; such that any element m € M can be written
as an R-linear combination of the z;’s:

m = nrixy + reZo, ..., rpky, 1 € R.

Lemma 1.14 Let S be a commutative ring integral over a subring R. Then for a finite set of
elements oy, s, ..., a, € R, Rlag,ag, ..., an] is finitely generated as an R-module.

Proof. First we show that R[a4] is finitely generated as an R-module. Since S is integral over R,
we can write
"+ a4 g =0,

4Similar to K[a], R[] denotes the ring {f(a) : f(x) € R[z]}. We can keep repeating this construction:
Klaq, as] = K[aq][az], and so on.



for some r; € R,m € Z>,. Then for an element in R|a ], we can replace o} and higher powers
by an R-linear combination of «,,_1, @2, . . ., g, and therefore R|a] is finitely generated as
an R-module.

Now, by the same reasoning R|a,as] is finitely generated as an R[o;]-module.

Suppose  So,...,s-1 generate Ry, s over Rloy]. Then the ml elements
T0S0s -« s T0SI—1s - s Tm—150, - - - , 'm—151—1 generate R|ay,as] over R (this is reminiscent
of the proof of Lemma|[I.4)). An induction then gives the required result. 0

This next technical-looking lemma will be immensely useful at various points. Indeed, I sug-
gest skipping it for now and to return to it when it’s needed so as to place it in the correct context.

Lemma 1.15 Let R be a commutative ring. Let M be a nonzero finitely generated R-module
contained in a field, let a be an ideal of R, and let ¢ be a R-module homomorphism M — M
such that (M) C alM. Then ¢ satisifies an equation of the form

"+ ar " 4+ a, =0, 0; €.

Proof. Let M be generated by the elements x4, . .., z,. By the hypothesis, foreach: =1,... n,
¢(x;) = D _7_, aijx; for some a;; € a. So we have

¢ — an —Q12 . —QA1n T
—a21 <Z5 — Q22 ... —Q2n T2 0
—0anp1 —a22 cee Qb — Ann Ty,

Denote the matrix on the left by 7". Then multiplying on the left by Adj T, we we see that

T
4
det(T) | . | =0.

Tn

Since M is nonzero, at least one of the x;’s are nonzero and since M lies within a field,
det(T") = 0, which gives the required equation. O

Definition 1.16 (Noetherian module) A R-module M is Noetherian if all its submodules are
finitely generated over R.

A useful equivalent definition is that a R-module is Noetherian if any infinite increasing se-
quence of submodules N; C Ny, C N3 C ... of M eventually becomes constant: Ny = Ny
for large enough & € Z. It’s not too difficult to prove the equivalence of these two definitions.



Noetherian modules are very much related to Noetherian rings. Indeed, a commutative ring R
is Noetherian if and only if it is a Noetherian module over itself because all the R-submodules
of R are precisely the ideals of R.

Lemma 1.17 Let M be a Noetherian R-module and let N be an R-submodule of M. Then M /N
is Noetherian.

Proof. Just as for rings, the following correspondence for modules can be verified: the R-
submodules of M /N are in bijection with the R-submodules of M that contain N. There-
fore, suppose M’ is an R-submodule of M containing N. We have to show that M’'/N is
finitely generated as an R-module. Since M is Noetherian, M’ is finitely generated and so let
ap, Q. .., ap € M’ generate M’ over R. Thenay + N,as + N, ..., a, + N € M'/N generate
M'/N over R. O

Proposition 1.18 Let R be Noetherian. Then every finitely generated R-module is Noetherian.

Proof. Let M be a finitely generated 2-module with a generator set oy, ao, . . ., a,. Since R is
Noetherian, the direct product R" viewed as an R-module is Noetherian. Then, let ¢ : R* — M
be the module homomorphism given by (1, 7g,...,7r,) — ra; +reag+- - -+ r,a,. Since M is
finitely generated over R by the «;’s, ¢ is surjective on M. Therefore, we have an isomorphism
of R-modules, R"/Ker(¢) = M. By Lemma R"/Ker(¢) is Noetherian and thus M is
Noetherian. U

2 Algebraic Number Theory

The goal of this section is to give a rapid and reasonably complete introduction to the parts of
algebraic number theory relevant to its connections with graph theory.

2.1 Ring of Integers
Definition 2.1 (Number field) A number field is a finite field extension of Q.

Important examples of number fields are quadratic number fields which are of form Q[v/d]
with d a squarefree integer; they all have degree 2 over Q. Another favorite family of number
fields is cyclotomic fields having the form Q|[(,,] with (,, a complex primitive mth root of unity
(so Im(¢,,) # 0, " = 1,and ¢* # 1 for any 1 < k < m); they have degree m over Q.

We hope to study a subring of a number field K that plays a similar role to that of the integers
Z in Q. Particularly, we want a subring that emulates the elegant arithmetic of Z.



Definition 2.2 (Ring of integers) Let K be a number field. The ring of integers O is the inte-
gral closure of Z in K.

There are many preliminary indications that this is the correct definition for Ok. One is that K
is the field of fractions of O (we prove this shortly) just like Q is the field of fractions of Z. But
we have not yet verified that Ok is indeed a ring. Let’s do that.

Proposition 2.3 Let K be a number field. Then Ok is a ring.

Proof. We have to show that O is closed under addition and multiplication. Fix o, 8 € Ok.
Then consider the Z-module M = Z|«, 5] C K. Clearly, (o + )M C M and (af)M C M.
So if we can show that M is a finitely generated Z-module, then in Lemma we can take
R = a = Z and ¢ as the homomorphisms = — («a + )z and = — (a/3)z to conclude closure.

Let f(z),g(z) € Z[z] be the monic polynomials that are satisfied by «, 3 respectively. Let
m = deg f and n = degg. Let M’ be the Z-submodule of M that is generated by the finite
elements o3’ for 0 < i < mand 0 < j < n. We show that M = M’ by showing o/ 37 € M’
forall 1, J € Z>y. We can write

o' = f(2)q(2) +ri(z), 27 = g(2)ga(z) + ra(),

with ¢;(x) € Z[x] and degr; < m,degry < n. Then
al =ri(a), 87 =ra(B),
and so /87 = ri(a)rs(B) € M'. O

Proposition 2.4 Let K be a number field. If o € Ok, then Tr(a), Nm(«) € Z.

Proof. Let p(x) be the minimal polynomial of « over Q. By Proposition|1.10}, it suffices to show
that p(x) has coefficients in Z. Since o € Ok, there exists a relation

Q™+ Q@ b ag =0,

with a; € Z. Looking back at our construction of K'[«], its clear that if o/ is another root of p(z),
then K[a] = K[o/] under the isomorphism o determined by « — «'. Therefore,

0= O'(Oé)m -+ CLm_lo'(O(>m71 4+ -+ ag = a/m -+ a,m_lo/mfl + .-+ agp,

showing that o/ is also integral over Z. Thus, since the integral closure of Z in any field is a
ring (the proof is virtually the same as above), the coefficients of p(x) are also integral over Z.
But they also belong to QQ (by definition of minimal polynomial), and since Z is integrally closed
(Proposition [1.6), we conclude they belong to Z. U



Proposition 2.5 Let K be a number field. Then K is the field of fractions of Ok.

Proof. Fix an element k£ € K. We want to show that there exists an element & € O such that
ak € Og. Since K is a finite extension of Q, by Proposition k is algebraic over Q and so
we have

K"+ Guak™ 4+ qo =0,

for some ¢; € Q. Let the common denominator of the rationals ¢; be . Then multiplying
through by a”, we see

(k) + (gu1a) (k)" 4+ +a"q =0,

and so ad is integral over Z, i.e., ad € Ok. OJ

In the proof above, because « is an integer, we actually have the stronger result that every
element of K can be written as §/n with § € Ok and n € Z.

Since we are asserting that in the context of arithmetic Oy is the correct generalization of Z,
a natural question is: does the Fundamental Theorem of Artihmetic (FTA) hold in Ok ? Or some
might prefer the rephrasing: is Ok a UFD? In general it isn’t, which is the main reason why
Fermat’s Last theorem is so hard. The classic example for the failure of FTA is Q[v/—5]: 6 can
be factored into irreducibles as both 2 - 3 and (1 — +/=5)(1 + /—5). We can recover FTA by
considering the set of ideals in O, and now we build up the theory required to prove this fact.

2.2 Dedekind domains

We come to the algebraic structure central to understanding O, but first consider a local version
of it.

Definition 2.6 (Discrete valuation ring) A principal ideal domain (PID) is a discrete valuation
ring if it has a unique non-zero prime ideal. For a discrete valuation ring A, we denote its nonzero
prime ideal by m(A).

Suppose m(A) = (7). Then 7 has to be irreducible because otherwise we would have a prime
ideal that properly contained m. Further 7 is an associate of any other irreducible element in
A, and thus is effectively the only irreducible in A; it’s called the uniformizer of A. Since any
nonzero element a € A can be written as a = 7"u for some unit v € A and n € Z>, every
nonzero ideal of A is of the form (7™) = m" for a unique n. Therefore we already have a very
simple FTA for the ideals in DVRs, and so if we are able to show, loosely speaking, that O
(more generally, a Dedekind domain) can be constructed by glueing together DVRs, then we can
lift the FTA to the ideals of Og-.

10



An example of a DVR is the subring Z,) C Q for some prime p € Z of elements r/s such
that p { s. The prime ideal m(Z,)) is (p) and the units of Z,) are the elements a/b with p { a
(and by definition p 1 b).

An analytic example is the following. Let X be a Riemann surface and p € X. Then the ring
$,, of holomorphic functions in any neighborhood of p is a DVR. §),, is isomorphic to the subring
C{z} of convergent series in the ring C[[z]] of formal power series with coefficients in C. Its
unique prime ideal is the ideal of convergent power series > a,, 2™ such that ag # 0.

Proposition 2.7 An integral domain A is a discrete valuation ring if and only if
1. Ais Noetherian,
2. Aisintegrally closed, and

3. A has exactly one nonzero prime ideal.

Proof. The forward direction is clear. Indeed, the first and third implications follow directly from
the definition of a DVR and the second implication follows from Proposition|l.6/because a DVR
is a PID and hence a UFD. So, suppose A is an integral domain satisfying the three conditions.
We have to show A is a PID.

Fix a nonzero nonunit ¢ € A andlet M = A/(c). The key idea is to consider, for each nonzero
m € M, the annihilator Ann(m) of m defined as

Ann(m) ={a € A | am = 0}.

Note that Ann(m) is a proper ideal of A. Since A is Noetherian we can choose an m € M such
that Ann(m) is maximal among ideals of this form (i.e., there exists no nonzero m’ € M such
that Ann(m) C Ann(m')). Let m = b+ (c¢) and p = Ann(b + (¢)).

We first show that p is prime by supposing it’s not. Then there exist z,y € A such that xy € p
butx & p,y ¢ p. Then clearly p C Ann(yb + (c)) and x € Ann(yb + (c)), contradicting the
maximality of p among annhilators.

Next, note b/c ¢ A because otherwise b € (c), contradicting b + (¢) = m # 0. We argue
that p = (¢/b). By construction pb C (c¢), sothatp - b/c C A. If p - b/c C p, then by Lemma
(taking M = p,a = A, ¢(m) = m - b/c) b/cis integral over A. Condition (b) then implies
b/c € A, which we showed isn’t possible. So by condition (c), p - b/c = A, i.e., p = (¢/b). Let
7w =c/b.

Finally, let a be an ideal of A. In the field of fractions of A, consider the increasing sequence
of ideals
aCrlaCr2aC....

If this sequence is contained in A, then because A is Noetherian, there exists r € Z>; such that
7 ""'a = 77 "a, which by Lemma implies that 7= € A, a contradiction. Therefore, there

11



exists anm € Z such that 7a C Abut 7™ la ¢ A. Thenm "a € pandsom ™a = A4, ie.,
a=(7m). O

Definition 2.8 (Dedekind domain) An integral domain A is a Dedekind domain if
e A is Noetherian,
e A is integrally closed, and

e cvery nonzero prime ideal is maximal.

Note that Z is a Dedekind domain: being a PID, it is Noetherian and every nonzero prime ideal
is maximal; by Proposition [I.6]it is integrally closed.

A local ring is a ring with exactly one maximal ideal; DVRs are local rings. Proposition
tells us that a local Dedekind domain is a DVR. We will show Oy is actually a Dedekind domain,
but only after proving a FTA for the ideals of a general Dedekind domain. The precise statment
is this:

Theorem 2.9 (FTA for Dedekind domains) Letr A be a Dedekind domain. Every proper
nonzero ideal a of A can be written as

a=pip
with the p; distinct prime ideals and r; € Z~o. Furthermore, this expression is unique.

We break the proof into a series of smaller lemmas, with the first goal being to show that the
localisation of a Dedekind domain at a prime ideal is a DVR.

A set S C A is multiplicative if 0 ¢ S, 1 € S and S is closed under multiplication. The
multiplicative subset that will be important for us is S = A — p, for a nonzero prime ideal p of
A. The ring A, = S~ A is called the localization of A at p.

Proposition 2.10 Let S be a multiplicative subset of a Dedekind domain A. Then S™'A is a
Dedekind domain.

Proof. We first establish a correspondence between the prime ideals of A and S~1A. We show
the map p — p° := p - S~'A is a bijection between the prime ideals of A such thatp N S = &
and the prime ideals of .S *114 Suppose p is a prime ideal of A such thatpN.S = & and xy € p°.
Then we can write zy = pa/s for some p € p,a € A,s € S, and so szy € p. Since s & p, we
must then have xy € p, and so either z or y is in p C p°. Therefore p° is indeed prime. A similar
argument shows that the mapping p + p¢ := p N A from the prime ideals of S~!A to the prime
ideals of A that don’t meet S is an inverse of p — p°.

>The notation p¢ is commonly used to denote the extension of an ideal in a larger ring. The notation p¢ denotes the
contraction of an ideal in a smaller ring.
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The condition that every nonzero prime ideal is maximal is equivalent to there being no larger
prime ideal between any prime ideal p and the entire ring S~ A. Indeed, since p° is a prime ideal

of A and there is no prime ideal between p© and A, there can be no prime ideal between p and
S1A.

Next, suppose a is an ideal of S™*A. Then a = S~! - a® and so a set of finite generators for a°
is also a finite set of generators for a. Therefore S~!A is Noetherian.

Finally, suppose « in the field of fractions of S~! A is integral over S~! A. Then we have
Q"+ ", 4+ by =0,
for some b; € STt A. We can find s; € S such that s;b; € A, and so letting s = 557 ... Sp_1,
(sa)™ + (sa)" tsb,_1 + -+ s"by = 0.

This shows s« is integral over A and thus sa € A. Hence oo € S™1A. OJ

Proposition 2.11 A Noetherian integral domain A is a Dedekind domain if and only if A, is a
DVR for every nonzero prime ideal p of A.

Proof. Note that A, is a local ring with maximal ideal p® and so the forward direction is proved in
Proposition [2.10|(since a local Dedekind domain is a DVR). For the reverse direction, we have to
show every prime ideal of A is maximal and A is integrally closed. First suppose p is a nonzero
prime ideal but is properly contained in a larger maximal ideal m. Then the extension p© of p in
Ay, is prime and is properly contained in the prime ideal m®, contradicting that A,, is a DVR.

Next suppose « is an element of the field of fractions of A that is integral over A. Since
A C A, for each nonzero prime ideal p, « is integral over each A, and since A, is a DVR,
a € A,. Therefore, there exists an s € A — p such that saw € A. Let a be the set of elements
a € A such that aav € A. Notice a is an ideal of A and we just showed it contains an element of
A — p for every nonzero prime ideal. Thus a = A, and so 1 € a. Hence z € A. O

We now proceed to prove Theorem We need three intuitively plausible lemmas from
commutative algebra.

Lemma 2.12 Let A be a Noetherian ring. Then every nonzero ideal of A contains a product of
nonzero prime ideals.

Proof. Suppose not. Since A is Noetherian, we can choose a maximal a among all ideals which
do not satisfy the claimed property. Since a cannot be a prime ideal, there exist x,y € A such
that zy € a but neither x € a nor y € a. Then consider the two ideals () 4+ a and (y) + a.
Since a is properly contained in both (z) 4+ a and (y) + a, by the maximal property of a, (z) + a
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and (y) + a contain a product of nonzero prime ideals. But then the product of these products is
contained in ((x) 4+ a)((y) + a) C a, a contradiction. O

Recall that in a ring A, two ideals a and b are relatively prime if a + b = A.

Lemma 2.13 Let A be a commutative ring with relatively prime ideals a and b. Then a™ and b"
are relatively prime for all m,n € Z>,.

Proof. First we show that a commutative ring R (with 1 # 0) has at least one maximal ideal. Let
S be the set the of ideals in R not equal to R. Then ordering S by set inclusion, if (i,) is a chain
of ideals in S, then |, i, is an ideal of A too which is an upper bound of (i,). So, by Zorn’s
lemmﬂ S contains a maximal element. Using this result, we can deduce than any ideal a # A
is contained in a maximal ideal of A: A/a has a maximal ideal, which corresponds to maximal
ideal of A that contains a.

Returning to the lemma, suppose it’s false. Then a™ + b" is contained in a maximal ideal p.
If a € a, then ™ € a™ C p. Since p is prime, this means a € p, i.e., a C p. Similarly, b C p.
Since a + b = A, this contradicts that p is prime. OJ

Lemma 2.14 Let p be a maximal ideal of an integral domain A and let q = p° be the extension
of pin Ay, i.e, q = pA,. Then the mapping

a+p"—=a+q" A" — A/q7,

is an isomorphism for all m € Z>.

Proof. The mapping is clearly a homomorphism. To show the mapping is injective, we show
its kernel is trivial, i.e., ¢™ N A = p™. Fix an element a € ¢ N A. Then a = p/s, where
peEP” se€S=A—p,andso sa € p™. Now p is the only maximal ideal containing p™ (since
if p C m then p C m). Therefore p/p™ is the only maximal ideal of A/p™. Since s & p, it
follows that s is a unit in A/p™ and so sa = 0 mod p™ implies a = 0 mod p™, i.e., a € p™.

To show the mapping is surjective, fix a/s € A,. Then, since s ¢ p and p is maximal, (s) and
p are relatively prime. By Lemma (s) and p™ are also relatively prime. Therefore, there is
b€ A, p € p™ such that sb + p = 1. This implies sb = 1 mod q™, i.e., b = s~ mod q™, and so
ab = a/s mod q". O

We are now ready to prove Theorem We will make repeated use of Proposition that
guarantees the localisation A, at a nonzero prime ideal p of A is a DVR.

Zorn’s lemma states that given a non-empty poset S, if every chain in S has an upper bound, then .S has a maximal
element. A poset is a set with a relation < which is transitive, reflexive and antisymmetric, i.e., if a < b and
b < athen a = b. A chain in a poset is a set in which any pair of elements can be compared via <.
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Proof. Let a be a nonzero ideal of a Dedekind domain A. By Lemma [2.12] a contains a product
of nonzero prime ideals

b= pi'py*. .. by
for distinct p; and 7; € Z~. Then by the Chinese Remainder theoreni’|and Lemma[2.14)
AJb = Afpit X Afpy? X X AP = Ay [a X Ay, fag X e X Ay T,

where q; is the extension of p; in A,,, and by Proposition [2.TT]it is the maximal ideal of the DVR
A,. Now, recall that the ideal of a direct product of rings is a direct product of ideals in those
rings. Therefore, since a/b is an ideal of A/b,

a/b =i /g X ig/qy’ X - X ik /g™,

where i; is an ideal of A, containing q;j . Since A, is a DVR, i; must be of the form qu for
sj € Z>o. Further, for i, to contain q;j , we must have s; < r;. Therefore,

a/b=qi'/ayt x 43" /a5’ X - X it /g™,
for some nonnegative s; < r;. However, note also that
PIPS bRt /b = At Ay X a3t /gy X e X gt /g
(A way to see this is
PYRS PO = P T X 3PSt X Xt

by the Chinese Remainder theorem and the fact that p;* + p;j = Afor i # j. Then apply Lemma
) Thus we have an equality of ideals in A/b,

a/b=pi'ps>...pk/b.

Since both a and pj'p5* ... p;* contain b, and there is a 1 — 1 correspondence between ideals of
A/b and ideals of A containing b, we have

(451452 Sk
a=prpy .. Py
To show uniqueness of this expression, suppose
1.2 tr  aS1¢.52 Sk
Piby - P =a=p1 Py - P

allowing some ¢;’s and s;’s to be zero if needed. Then because A,, is a DVR with the unique
maximal ideal q;, we have

ap, = PUPE P Ap =PRSS Ay = = P Ay, =

"The CRT for a ring R states that if i,,i,,...,ix are pairwise relatively prime ideals, then
i1ig... 1 =13 Nig N+ - N1 and so by the Isomorphism theorem R/ (iyiz ...ix) = R/iy X R/ia X -+ X R/if.
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Similarly,
aAPl - pilp? . 'kaAPI - p?pgz .- -PZ’C_HlAm == pilAm - qil

Thus, qtl1 = ;" and so ¢; = s; (recall, a DVR is a UFD). The same argument shows ¢; = s, for
all other ;. 0

In a PID, we have the useful fact that for two ideals a C b if and only if b | a. In the proof
of this, we actually don’t need the full force of unique factorization afforded in a UFD but only
unique factorization for the ideals and the fact that ideals are principal. In Dedekind domains,
ideals need not be principal, but we don’t lose this property precisely because a Dedekind domain
is locally a DVR, a very special PID.

Corollary 2.15 (““To contain is to divide”) Let A be a Dedekind domain and let a and b be
ideals. Then a C b if and only if b | a.

Proof. The reverse direction is quite straightforward and is indeed true in any commutative ring.
If b | a, then a = be for some ideal c. So any element a € a is of the form ) ", b;c; for some
bi€b,c; € c,andn € Zsy. Since Y - | bc; € b, it follows a C b.

Now suppose a C b. Let the prime ideal factorizations of a and b be
a=py'py’ .. P, b= prpyt R
for distinct prime ideals p; and some r;, s; € Z>,. Then we have to show that s; < r; for all ¢.
Localising to A,,, we see
aA,, =p;'A,, =q; and bA,, =p A, =q;".

Since a C b, it follows q;* C q;°, and so s; < 7. O

Another interesting application of unique factorization of ideals is the following. Since, by
definition, Dedekind domains are Noetherian, it isn’t too much of a surprise but still a very
handy fact to have.

Corollary 2.16 Let A be a Dedekind domain. Then every nonzero ideal of A can be generated
by two elements of A.

Proof. Let a be a nonzero ideal of A. Fix a nonzero o € a. Let the prime ideal factorizations of
aand («) be

a=prpy’ .. py"and (@) = pyps’. . Py
with distinct prime ideals p; and 7, s; € Z>. Since « € a, () C a and so by “to contain is to
divide”, r; < s; for all 7. We want to construct a 3 € A such that («) + (8) = a. This implies
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that the smallest ideal containing « and £ is a, and so the prime ideal factorization of () has the
form

(B) =pi'py’ . P o2 .. ai,
for some prime ideals q; distinct from the p;’s. In fact, note that any principal ideal having

the above form of prime ideal factorization will work. With this in mind, for each 7 fix a
. € p/ \ p/*t!. Then, since by the Chinese Remainder theorem

A/pﬁ-i-l 7”2+1 ) prk-‘rl ~ A/prl-i-l « A/prg-i-l Cox A/p;;k-H,

there exists 3 € A such that 8+ (B, + p"*, B + p2™ ..., B + p1*). So, by construction
gep\ p:’ﬂ for all 7, and hence [ has the required prime 1deal factorization (“to contain is to
divide!). Thus a = (v, ). O

Now, we come to the proof that O is a Dedekind domain. We prove the more general:

Theorem 2.17 Let A be a Dedekind domain with field of fractions F having characteristic 0 and
let K be a finite extension of F. Let B be the integral closure of A in K. Then B is a Dedekind
domain.

So taking A = 7Z, F = Q, K = number field, B = Ok, we will have shown Ok is a Dedekind
domain.

Proof.

e B is integrally closed: We can check by an argument virtually same as that of Proposition
that K is the field of fractions of B. So let C' be the integral closure of B in K; we
have to show C' = B. If we can show that C' is also integral over A, then we would have
that C' C B, and since B C C, we would have C' = B. Let o € C. Then we have

Q"+ b0 4 by =0,

for some b; € B. Let B’ = A[b,_1,b,_2, ..., by]. By Lemma([l.14] B’ is finitely generated
as an A-module. Since « is integral over B’, again by Lemma B'[a] is finitely
generated as a B’-module and hence as an A-module too (cf. proof of [I.14). Since,
o - B'la] C B'[a], by Lemmal(l.15] « is integral over A. Hence o € B, and so C' C B.

e B is Noetherian: The key idea is to show B is contained in a finitely generated A-module
M. Suppose we have shown this. Then by Proposition M is a Noetherian A-module.
Therefore, since every ideal a of B can be viewed as an A-module (remember A C B), a
is an A-submodule of M and is hence finitely generated; this would show B is Noetherian.

Since [K : F is finite, fix a basis /31, ..., 3, for K over F. By Proposition we can
find a d € A such that dfy,...,dS3,, € B, and these elements also form a basis for K;
therefore to begin with assume the 3;’s belong to B. From our discussion after Proposition
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1.10, we can also fix a “dual basis” 3y, . . ., 8;, for K over F’ such that Tr(;3}) = d;;. We
argue that
BC AR +ABy+ -+ AB,,.

For an element b € B, we can write § = b, 5] + - - - + b,,, 5/, such that b; € F'. We have to
show that in fact b; € A. Now, by Proposition 2.4, we know that Tr(b3;) € A, but

j=1 Jj=1

This shows B is Noetherian too.

Every nonzero prime ideal is maximal: Suppose q is a nonzero prime ideal of B. Then
p = q N A has to also be prime. Also, there exists a nonzero b € . By Proposition
Nm(b) € gN A = p and by Proposition[I.I0]Nm(b) # 0, showing that p is nonzero. Since
A is a Dedekind domain, p must be maximal and so A/p is a field. Since p C g, we can
embed A/p into the integral domain B/q via

a mod p — a mod q,

so that B/q contains a field over which it is algebraic (since B is integral over A). By
Lemmal(l.9] B/q is therefore a field, and hence q is maximal.

O
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